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ABSTRACT

This article discusses Bayesian Analysis of Normal Sequence using Mixture of Priors. Using the Bayesian
methodology, one can generate Bayes estimates by assuming a newly created Mixture combination of priors
for location and correct prior for scale parameters. In order to get Bayes estimates for our study, we have
assumed that one innovative form of prior, such as a double exponential prior combined with the usual type
prior, viz., Normal prior for the mean parameter and correct prior, viz., Inverted gamma prior for the
location parameter. Examples of the recently developed methodology in numerical studies are shown by the
mean square error of the Bayes estimates of both parameters computed with different known and unknown

nature of the parameters and results given with full discussion.
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INTRODUCTION

A posterior analysis of the parameters of the normal sequence is discussed in this study. We can
describe posterior analysis as having to first collect all the available information about the parameters, study,
quantify, and express the same in the form of a probability distribution, known as a prior distribution. All
information about sample observations is called the likelihood function. To get the posterior, likelihood is
incorporated with the prior information. As a result, we are able to determine the unknown parameters'
posterior distribution. In the case of normal sequence, many authors, including Jeffery (1961), Laplace
(1812), etc., use normal prior for the mean parameter and uniform prior for the variance parameter. The

General Linear Econometric Model (GLEM) problem was studied by Bhattacharya and Rain Lal (1971)
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with a half-normal prior for variance parameter, and the normal sequence problem was studied by Mitchell
(1994) with a double exponential prior for mean parameter when variance is known. But in both cases,
closed-form integral solutions were not obtained. Numerical integration technique is the only possibility,
and too complicated integral equations are involved. In that case, it has a lot of complications to get an
integral solution for obtaining Bayes estimates. But we assumed that one novel type of prior, such as double
exponential priors mixed with the usual types of prior, viz., normal prior for the mean parameter and proper
prior, viz., inverted gamma prior for location parameter, has been considered for our study for obtaining
Bayes estimates.
MIXTURE OF PRIORS - NORMAL WITH DOUBLE EXPONENTIAL ALONG WITH PROPER
PRIOR VIZ INVERTED GAMMA PRIOR

In this section Bayes Estimates are obtained for location parameter which follows mixture of priors
distribution of Normal with Double Exponential and scale parameter which follows proper prior i.e. Inverted
gamma prior.
Situation (i): Unknown variance o” and unknown mean R

Assume that X = (X, X2, ..., Xp) is a random sample taken from a normal population with known

variance (02) and an unknown mean (u).
That is, for i= 1,2, ...n~ f(x)) =——=-exp(—; 2) (Xi-p)%),-00 < P < o0, 0 < 6 < o0,
The following is the likelihood function of
P(x/p) —exp{— Lx = )2 +n(pu-% )%} . (1)

The preceding distribution of p is

P (W=

Where 0, v, T > 0.

[%(u—9)2]+%exp{—g|u—9|} o - (2)

Zna

On multiplying equation(1) and (2), we get the Posterior distribution of p

P = exp {50 G

- (a-p) V2
exp [ o (= 6)*] + == exp{=-ln—6[})

—(t+ 2 —
P w2208 [fern(*2 02 oy e
nx+t0

Where i/ =2 £=1 -2 (g —9) — 2 (x—0)?

Estimates from Bayes
After normalizing the distribution indicated in equation (3), the posterior distribution of p is

found and is given by,

P/
Py = [22 P(u/x)dp

PN =3 [exp(— 57 (T +m) (= w)?] (1 =2 [p— 6] = (=0

V7R 2 2 2
Ze[1-2 (- 0)- 5 + (- 0)))

Where s =
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The posterior mean of u may be found using

EWw=/" uPuxdy,

=2 )2 = 20w —0)" + S BW 2o+ (1)) + (W =0)" — 2062+ (1)) ...(4)

E(?) = [ u? P(u/x) dy

127 2
= DI )2~ 2@ T )P+ 0% (= 0)  + S (6(0)7 o+ (W) +
4 2 . , .
T 22+ (1)) — 203K =+ (1)) (5)
Using equation (4) and (5) we get v(u) as

v = LT ()2~ 2@ T+ 1)+ 02(w - 0)” 4 S ()2 +

ot 20* 1R o ' N
iz T T 2(—+ (n)? - 29(3u—+ M) -(s m{(u)z — —=26(w -

(n)* +

0)" + B0 =+ (1)) +62(w — 8)° = 20(2 + (W)2)?
Where s is mentioned in equation (3)
Situation (ii): known variance o” and known mean 1)
Assume that X = (Xi, X,...,X, ) i @ random sample taken from a normal population with variance 2

(unknown) and mean p (known).i.e.,

f(x;) = #ﬁexp(—%(xi —)?),-o<p<o 0<c<oo, fori=1,2,...,n
Given P (x/p), the likelihood function is given by
1 — —
P(x/0) =———exp {~ = XL, (x; —®)* + n(i - 0)?} (6)

Assuming an inverse gamma distribution, the previous distribution of ¢ can be found as
P(c)=2 % (o) exp ( ;—f ), ()

Where a, f >0, 0< 0 <o,

By multiplying equation (6) and (7) we get the Posterior distribution of ¢ and is given by,

1 1 _ _ a o -
P(0 /) = Jgmz exp {— 555 Zia (i = 07 + n(u =02} 222 (0) P exp ()

P(o /%)= ﬁf— (oY@ exp (L) ..(8)

w+2c¢

Where B = ,w=2L (x — %)% + n(u — %)?

Estimates from Bayes

The posterior mean of ¢ can be found using

E(c) =J oP/x)do

_(® . |2B%  (2ont]) -B
=[ 0 n[a(c) exp(—) do

1 pe [2a+n—1
N I 2
E (o) —\/; [a [ (B’)2a+2n_1 ], ...(9)
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Where w and [3' mentioned in equation (8).

E (69 :fooo 0?P(o/x)d o

_ [2B% (o o\ (Qa+n+l) -8
= 1T[choa((s) exp(—;)do

Ba [2a+n 2
E(c%) = e [W] ; ... (10)
®By =2
o 20+n—2 T ga 2a+n-1 12
V(o) = an—a [[z—zam—z] - [ po % [++n—1] ...(11)
By 2 B 2

Where B and w are mentioned in equation (8)
Case (iii): Unknown variance o” and unknown mean n
Assume that X = (X, X2,..., Xp) iS a random sample taken from a normal population with an unknown

variance (62) and mean (p).
ie., f(x;) = rexp(——( i—w?),-o<u<o 0<c<o,fori=l,2,...n
The likelihood function can be found using
1 1 _ _
P(x/u,0) = Togn OXP {_ﬁ L (x - X)2 +n(u— X)Z} ...(12)

Given that equations (2) and (6) determine the prior distributions of u and o, respectively, the joint prior

distribution of pu and o can be calculated as

P(u,6/X) = —— exp { 262} (\/Eo exp [ (,u 0)?]

1-— 2 B -2a: -B
+rgexp{—7|u— 81 20 (o)™ Vexp (33)

1 — Ba -2a -B
P(u,0/%) = exp {— 2} (o exp [ 5 (1 — 0)7 12 (o)™ exp ()4

1 o
o exp {— o} 2 expl— Ll - 01) 25 (o) ™V exp (£) (13)
One can derive the posterior distribution of p by integrating equation (13) in relation to o.

77 e [2a+n+1 1 e [20“'"

T —

EI_a{()— ”i—"“}”‘r’m[ (=l e'}{ } -
C 2

(d) 2

P(W)=p

Where c :é[ns2 +n(u—%)2 + t(u— 6)% + 28]
d =%[ns2 +n(pu —X)% + 28]

One can derive the posterior distribution of ¢ by integrating equation (13) in relation to p.

vamt % -Qa+n+1) =B\, G=p)fB* _B\Yem  1-p B% Vom
P(o) « n [a \/‘r+n) ( o) exp ( o2 )+ vt [a ex ( o2 ) Vn + v3mn [a  Vn
o~ (2a+n=2) axp (— % ) ... (15)

Where ' = [ns + — (_ - 0) ] %[ns2 + 2] and f is mentioned in equation (3)
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Estimates from Bayes
After normalizing the distribution shown in equation (4.9), the posterior distribution of o is found

and is given by

_ P
P(o) = f:o P(o)do
_1 f —(2a+n+1) _ (2a+n)
P(c)—?[p —o0 exp( )+(1 p)—o exp( )
(1 _ ) 1 —(2a+n-2) —B ] (16)
P) gm0 exp (=
2a+n [2a+n—1 (1 ) 1 [2a+n—3
_ T _ 2 —p)1 2
Where t=|p ’n+r 2 ’ 2a+n + (1 p) wn (B)2a+2n—1 + ? 2 (B)2a+2n—3
In equation (3), f is mentioned.
The posterior mean of ¢ can be found using
E (o) = [, 0 P(c) do
1 7 1 [2a+n 1 1 [2a+2n—2 (1—p)1 [2a+2n—4-
=—1[p /E;W +(1-p)-—= v\/_Z L3 s 2 .. (A7)
1 1 [2a+n 2 1 [2a+n—3 (1 p) 1 [2a+n—5
2y = SICENE S N T _ 2 -»)1 2
E (o) = . [p T2 (Bl 2a+2n —+{1—-p)—= v\/_Z (B)2a+2n—3 + nv? 2 (B)2a+2n—5 ... (18)

Where f8'and B are mentioned in equation (15), f is mentioned in equation (3)
As usual formula we can obtained v(c) by using above(17) and (18) equations.
CONCLUSION:

Consequently, employing a mixture of priors, the Bayes estimates for the position and scale
parameters are derived. In real life, certain complex situations cannot be described with a single prior,
however good it may be, and therefore a mixture of distributions as the prior was considered and Bayes

estimates carried out for known and unknown cases of parameter values.
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