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Abstract:  

        The paper has been devoted to study on Quotient Hypergroups and  Lie Hypergroup. In 

this paper, we have studies some properties of quotient hypergroups and use action of Lie groups on a 

hypergroups. 
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1. Introduction 

       The field of hypergroups & their applications are introduced in the following papers [1-4]. The 

completely simple and regular semi-hypergroups are introduced in [5]. In paper [6] introduced the 

concept of topological hypergroups. 

A hyper-operation on Ρ be a map from Ρ  × Ρ to p∗(	Ρ ) [7], where p∗(	Ρ ) is set of all subsets of  Ρ.  

(Ρ, o) be a Hypergroupoid. Let A & B are subsets of Ρ, then  

            (i). �	�	� =	⋃{
	�	�	�. �. 
 ∈ �,� ∈ �},         

                (ii). �	�	�	 =	{�}�	�,		x ∈ Ρ 

               (iii). 		�	�	�	 = 	�	�	{�}. 

The hypergroupoid (Ρ, o) with following axioms is said to be hypergroup. 

              (i). 
	�	(�	�	�) 	= 	 (
	�	�)	�	�,        ∀	a, b, c � Ρ , 

             (ii).	
	�	Ρ	 = 	Ρ	�	
	 = 	Ρ ,     ∀ a �	Ρ . 

If ∃	e � Ρ s.t. 	
	�	
	�	�	⋂	�	�	
, ∀ a � Ρ, then e is called identity element.  

An element 
�� is inverse of  a if	�	�	
	�	
�� 	∩ 	
��	�	
.  

Remark (1.).  If each elements of Ρ have inverse, therefore 

                       (��	�	��)	
��	= ��

��� ��
��		∀  ��, �� � Ρ. 

Definition 1.1.: A subset S be a hypergroup of (Ρ, �) be a sub-hypergroup if it is satisfies by 

following: [1] 

      (i) 
	�	�	 ⊆ 	!				∀	
, �	 ∈ 	!. 

     (ii) 
	�	!	 = 	!	�	
	 = 	!		∀	
	 ∈ 	!. 

Definition 1.2.:   

        A sub hypergroup of S  is said to be normal, if  

        (1.1)   �	�	"	 = 	"	�	�, for all  �	 ∈ 	#  

    and is supernormal if 

              (1.2)    �	�	"	�	��� 	⊆ 	", for all 	∈ 	Ρ .  
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Definition 1.4.: 

 A map $  from a hypergroups (#�, �) to (#�, ∗) is said to be  homomorphism if  

             (1.3)  ∀		�, %	 ∈ 	#�, $	(�	�	%) 	⊆ 	$	(�)	∗ 	$	(%). 

     Also we can defined a good homomorphism if  

             (1.4)  ∀	�, %	 ∈ 	#�, $	(�	�	%) 	= 	$	(�)	∗ 	$	(%). 

2. Quotient Hypergroups: 

     If H is a sub hypergroup of a hypergroup of	Ρ, then the right coset space are defined by  

           (2.1)   #/"	 =	{[�] ∶ 	�	 ∈ 	#	}  where [�] 	= 	�	�	".  

Let us consider, 

                  ⊗∶ 	#/"	 × 	#/"		 → 	� ∗ (#/")   

where     (2.2)   [�] 	⊗	[%] 		= 		 {[-] 	 ∶ 		-		 ∈ 	�	�	%		}   ∀ [�], [%] 	∈ 	#/". 

Now, we can write and prove the following theorems:  

Theorem (1): If (Ρ, .) is a regular-hypergroup and H is a normal-sub-hypergroup of P, t hen the 

quotient hypergroup (//0, ⊗)	be a regular hypergroup. 

Proof.  Using (2.2), we can write 

               (x o H) ⊗(y o H) ⊆ 
1

2
  and  �1/2 		= 	",   

∵		H be a normal sub-hypergroup, therefore using (1.1), we can write  

                 �	�	"	 ∈ 	 (�	�	") 	⊗ 	"	 ∩ "	⊗	(�	�	").  

Also        (�	�	")�� 	= 	���	�	", so we can write  

	(�	�	"	⊗ 	%	�	")�� 		= 		 (�	�	%	�")��	

                                                       							=		 (�	�	%)��	�	"	

                                                           =	%���	���	�	"	

                                                              =	(%	�	")�� 	⊗	(�	�	")��. 

Hence, the quotient hypergroup (P/H, ⊗) be a regular hypergroup.  

Theorem (2): If 0 is a normal-sub-hypergroup of a hypergroup of (/,.), then the function 

defined by 4 ∶ 	/	 → 	//0 s.t. 4	(5) 	= 	5	.	0, ∀5	 ∈ 	/, be a homomorphism. 

Proof. Let	" be a normal sub hypergroup, therefore using (1.1) we have 

                                       	"	�"	 = 	".  

Since the function defined by $ ∶ 	#	 → 	#/", such that. 

                                 $	(�) 	= 	�	�	", ∀�	 ∈ 	# 

Let �, %	 ∈ 	# be arbitrary. Then, we have 

	$(�	�	%) 	= 	�	�	%	�	"	 = 		�	�	"	�	% 

= 		�	�	"	�	"	�	%	

= 		�	�"	�	%	�	"	

                                           = 	$	(�)	⊗ 	$	(%).	

Hence the complete proof.  
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Theorem ( 3):  Let 0,6 be normal sub-hypergroups of hypergroup (7,8) and 0	 ⊆ 	6. 

Then the quotient hypergroup 6/0 is a sub-hypergroup of the quotient hypergroup 

(//0,⊗). 

Proof.  Let 
, �	 ∈ 	9 be arbitrary. Using (1.2) and (2.2), we have 

             (
	�	")	⊗	(�	�	") 	= 	{	-	�	" ∶ 		-	 ∈ 	
	�	�	} 	⊆ 9/"	    

  and        (
	�	")⊗ 9/" =	∪;∈< (
	�	")⊗	(=	�	") 

						=	∪;∈< {	-	�	"		 ∶ 	-	 ∈ 	
	�	=		} 	⊆ 	9/" 

Also, we can prove   9/"⊗	(
	�") ⊆ 9/"	. 

Thus, K is a normal sub hypergroup of P, therefore 

                           
	�	9	 = 	9	�	
.   

Hence, (
	�	")	⊗ 	9/"
		
= 	9	⊗	(
	�	") 	= 	9/"	∀
	 ∈ 	9. 

Hence the complete proof. 

3. Lie Groups on a Hypergroups: 

    Here, we have investigated some axioms of the action of a Lie groups on a hypergroups. Let (#, �) 

i s  hypergroup and G is a Lie groups & w e  defined 		#	 × 	>	 → 	# .  

Theorem ( 4): If H is a Lie sub-group of  G a n d  

       ?(@A, BA).	?(@C, BC) 	⊆ 	?(@A.	@C, BA	BC), ∀	@A, @C∈∈∈∈ P  & BA, BC ∈ D , 

then range of restriction of action on 0 i s  sub hypergroup. 

Proof:  Let E(#	 × 	") 	= 	#F, t he n  we show that (#F, �) be a closed w.r. to a c tion of hypergroups. 

Let �′�, �′� ∈ 	#F then  

 ��, ��∈ P and ℎ�, ℎ�∈  H      s.t.  �′�= φ(p1, h1) and �′�= φ(p2, h2).   

Thus, 

           �′� o �′�= E(��, ℎ�)	�	E(��, ℎ�) ⊆ E((��	�	��), ℎ�ℎ�) 	⊆ 	#F. 

Next, we have to see that #F is a sub hypergroups.  

Let E(�, ℎ	) 	∈ 	#F therefore, 

E(�, ℎ)	�	E(��, ℎ�)	�	E(��, 	ℎ�)	�	E(��	�	��, ℎ�ℎ�) 	⊆ 	�	�	#,	

where �	 = 		E(��, ℎ�).  

4. Conclusion 

              In this paper we have studies on Quotient Hypergroups and  Lie Hypergroup. We 

have obtained some results in the form of theorems (1), (2), (3) and (4). 
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