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ABSTRACT

Recently the second order homogeneous k-hypergeometric differential equation and the definition of the
function ,F1[(a,k), (b, k); (c,k); z] as its solution at the origin have been presented. Motivated by the
current research work in the study of k-hypergeometric functions, our aim is to establish certain extended
transformation formulae related to the k-hypergeometric function with the Euler's identity for Gauss

hypergeometric function as a special case.
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1. Introduction

The Gauss hypergeometric differential equation
d’y dy _
z(1—z)@+[C—(1+a+b)z]a—aby—0 (1.1)
and its solutions near the regular singular points 0, land o« were studied by many authors such as

Coddington[3], Campos [4], Gasper [6], RainVille [11], Slater [12], Whittaker [14] .

Using Frobenius method, we can find a convergent hypergeometric series solution

w (@nb)nz"
2Fila,b;c; z] = Zn:o#;

of equation (1.1) in
R={z:|z| <1},whenc & z,z* °,F[a—c+1,b—c+1;2 — ¢; 7]

is second solution of equation(1.1) in R. Recently the equation of the form

d?y ay
kz(l—kz)ﬁ+[C—(k+a+b)kz]z—aby= 0 (1.2)
has been proposed and using the extended Pochhammer symbol its Frobenius solution

O (@i (B 2"

y1(2) = 2F1[@,K), (b, k); (¢, k); z] = (Onre 7l

c & N,

n=0

is defined as the k-hypergeometric function.
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Further the second solution of equation (1.2) has been deduced as

v, (2) = Zl_% 2Fil@+k—¢k),(b+k—ck);(2k — ¢, k); z] forc — 2k & N,.
Some works and references concerning the above theoretical developments can be found in Ahmad[1],
Ali[2],Krasniqi [7], Mubeen [8-10], Shengfeng [13].

In the present paper by substitution in equation (1.2) and using above solutions, two extended
transformation formulae have been derived as a extended form of Euler's identity.
2. Preliminaries

This section deals with the basic definitions and facts related to the extended hypergeometric

differential equation and k-hypergeometric series solutions based on the research of Diaz et al. [5], Krasniqi
[7], Mubeen [8-10], Shengfeng [13], Yilmazer[15].

Definition 2.1: For the standard form of differential equation :

& p@D 2+ q@y(2) =0 @.1)
If z = z, is a singularity of equation (2.1), then z = z, is a regular singularity of (2.1) iff
(z — zo)p(2), (z — z4)?q(2) are analytic in {z: |z — zy| < R}, R >0.
Definition 2.2:
The Pochhammer k-symbol (o), x is defined by:
(O =0(c+k)(o+2k)..(c+(n—1)k),0 #0 2.2)
(0)ox =1 where k >0

Definition 2.3: The k-hypergeometric series as a function of parameters is defined as:

[00] n, b n n
2F1 (@K, (5,1 (e, )i 2] = iz ek Ok 2 2.3)
3. Main Results
Theorem 3.1: The following transformation formula for k-hypergeometric function holds:
_a -z

ZTI[(al k)l (bl k)r (C: k)) Z] = {(1 - kZ)} k 2T1 [(a: k)l (C - b: k)) (C: k), m]
Proof: Let y={k(1- kz)}_% w 3.1)

d _2aq _a_

d—z = {k(1 - kz)} kd—“Z” + ak(k — k2z) "% tw

d2 _a dZ _a_ d -
Y = k(1 — kD)) * LY+ 2ak(k — k22) " 2 4 ak(a + k)k(k — k?2) K 2w

On plunging the above terms into the k-analogues hypergeometric differential equation (1.2) we get,

42 d
kz(1 — kz) d—ZV; + 2ak(k — k?z)™ d_va +ala + k)k2(k — kzz)‘zw] +

dw
+{c — (k + a + b)kz} [E + ak(k — kzz)‘lw] —abw =0

kz(1 — kz)? ‘;—W + (1= kD) + (a—b—kz]% + alc — b)w = 0 3.2)

Now, let
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-z -kt 1
t= (l_kz),and then kz = . 1—kz= s
w dw
Frie -(1- kt)z —_
d’w dZW
el [( - kt)4 —2k(1 — kt)3 ]

Equation (3.2) becomes

2

— 2
((1 _k,it)> ((1 —1kt)> [( - kt)4 d w

((1 1kt)> [c+ (a—b—k)] ((1 k;)) (_(1 kt)z ) +alc—hw=0

kt(l—kt)d—t‘;/+[c—(k+a+c—b)kt]%—a(c—b)w:O (3.3)

—2k(1 — kt)3 ]

Which is a k-hypergeometric type differential equation with different coefficient and whose solution can be
written as

w = ;Fq[(a, k), (c — b, k); (¢, k); t]

y = k(1 = k2)} & oF1 | @K, (c = b, k0); (¢, ks ]
Now we have two linearly independent solution of equation (1.2) as
y1(2) = 2Fil(a, k), (b, k)(c, k); Z]

y2(2) = 2078 Pk +a—c, k), (k +b—c k) (2k — ¢, k); z]
So, as usual we have y = Ay, + By,

And by letting k = 1 and z — 0, we conclude B = 0 and A = (k) & ,so that if
1
|z| <E and |1 — kz| <1,
a
2Fal(a, k), (b, k); (c,k); 2] = {(1 — k)Y % oF1 [ @K, (c — b, k); (c, T, ]

Theorem 3.2. If |z| <y L and | | < =, then the following transformation formula for k-hypergeometric

function holds:

2F1 [(a, k), (b, k); (¢, k); z] = (1 — kz)i“‘“‘”zﬂ[(c —a,k), (c = b, k); (¢, k); ] (3.4)
Proof: Consider
2F1l(@,k), (c — b, k); (c,k);w] = (1 —kW)_TzT1 [(C b,k), (c — a,k); (¢, k); — - kw)]
On taking

z w
W= -1 ie. z= T and (1 —kw) = (1 — kz)™?

2F1l(a k), (c = b,k); (¢, k);w] = (1 —kZ) zT1[(C—b k), (c —a,k); (¢, k); 2]

2F1|@ k), (e — b,

2] = (k) F Pl — bk, (c —a, k) (e k)iz]  (3.5)
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Multiplying both side of (3.5) by (1 — kz) « we get

| = (1 —ka) F Rl = b,10), (e — .k (e, k)i ]

(1= k) 7k 572 [ @0, (¢ = b, K (e, k)i = 7=

and using theorem (3.1) we get

Fal(@ 1), (b, k); (6,103 2] = (1 — k)4, F, [(c — a,K), (c = b, k); (¢, k); 7]

(Extended form of Euler' identity for k-hypergeometric functions)

Corollary 3.3.: If we take k = 1 in (3.4), we have

2Fila, b;c;z] = (1 — 2) D), F [c—a,c—Db;cz] (3.6)

This transformation relation of usual hypergeometric function is also known as Euler's identity.
Conclusion:

In this paper, I have derived the extended transformation relations involving the extended
hypergeometric functions, which can be useful in deduction of solutions of k-hypergeometric differential
equation (1.2) like the Kummer's twenty-four solutions of the Gauss hypergeometric differential equation.
Since the results investigated here are general in nature, it is expected that the results will be useful addition
in the theory of the Gauss hypergeometric functions.
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